Journal of Global Optimization (2005) 32: 119-134 © Springer 2005
DOI 10.1007/s10898-004-1944-z

On the Optimal Value Function of a Linearly
Perturbed Quadratic Program

G.M. LEE!, N.N. TAM? and N.D. YEN?

"Department of Applied Mathematics, Pukyong National University, Pusan, Korea (e-mail:
gmlee@pknu.ac.kr)

2Department of Mathematics, Hanoi Pedagogical Institute No. 2, Xuan Hoa, Me Linh, Vinh
Phuc, Vietnam (e-mail: nnangtam@,yahoo.com)

3 Institute of Mathematics, 18 Hoang Quoc Viet Road, 10307 Hanoi, Vietnam (e-mail:
ndyen@math.ac.vn)

Abstract. The optimal value function (c, b)—¢(c, b) of the quadratic program min{}x"Dx+
cTx: Ax>b}, where D € RY" is a given symmetric matrix, 4 € R™" a given matrix, ¢ € R"
and b € R are the linear perturbations, is considered. It is proved that ¢ is directionally
differentiable at any point W= (¢,h) in its effective domain W :={w = (c,b)c
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Klatte is also discussed.
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1. Introduction

Consider the quadratic programming (QP, for brevity) problem with linear
constraints

minimize f(x,¢) =1x" Dx +c"x
subject to x € A(4,b) :={x € R" : Ax=b}, (1.1)

where D € R¢" and 4 € R™" are given matrices, ¢ € R" and b € R" are
given vectors. Here R denotes the set of (n x n)-symmetric matrices, and
the apex T stands for the transposition. Denote by S(D, 4, ¢, b), Sol(D, 4,
¢, b), loc(D,A,c,b) and (D, A,c,d), respectively, the set of the Karush—
Kuhn—Tucker points, the set of the (global) solutions, the set of the local
solutions, and the optimal value of (1.1). Thus, in particular, ¢(D,
A,c,b) = inf{f(x,c) : x € A(A,b)}. By convention, ¢(D,A4,c,b) =+oo if
A(A,b) = 0.
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Suppose that the matrices D and A4 are not subject to perturbation. We
are interested in studying the function ¢(D,A4,-,-) : R* x R™ — R,
(¢,b)—@(D,A,c,b). Here (c,b) represents the pair of linear perturbations
in problem (1.1). Klatte [8] has proved that ¢(D,A,-,-) is Lipschitz on
every bounded subset of its effective domain

W :={(c,b) € R" x R" : —00 < ¢(D, A,¢,b) < +00}. (1.2)

The aim of this paper is to obtain some results related to the directional
differentiability and the piecewise linear-quadratic property of the optimal
value function ¢(D, A4,-,-). By abuse of notation, we shall write ¢(c,b)
instead of ¢(D, 4,c¢,b).

It will be shown that although ¢ is not a convex function, it enjoys the
important property of convex functions of being directionally differentiable
at any point in its effective domain. Formulae for computing the direc-
tional derivative ¢'(W;z) of ¢ at an arbitrary point w = (¢,h) € W in a
direction z = (u,v) € R" x R™ are established.

Differential property of the optimal value function in quadratic pro-
gramming has been addressed, for example, in Refs. [1, 3, 7, 13]. Continu-
ity of the optimal value function (D,A4,c,b)—¢(D,A,c,b) has been
characterized by Tam [14].

The notion of piecewise linear-quadratic function (plq function, for brev-
ity) was introduced by Rockafellar [10]. The class of plq functions has been
investigated systematically in Rockafellar and Wets [11]. In particular, the
topics like subdifferential calculation, dualization, and optimization involv-
ing plq functions, are studied in the book. It is known that if D is positive
semidefinite, i.e., xTDx>0 for all x € R", then ¢(c,b) is piecewise linear-
quadratic on W which, in this case, is a polyhedral convex cone. In the case
where D is not a positive semidefinite matrix, the closed cone W may be
nonconvex; but it can be represented as the union of finitely many polyhe-
dral convex cones ([8], Theorem 2). It is of interest to know whether ¢(c,b)
is still a plq function on W. This question was raised by one of the two anon-
ymous referees of Tam [14]. We will construct an example which shows that,
in general, ¢ is not a plq function on W. This example exposes well the
structure of the class of optimal value functions under our consideration.

We give some auxiliary results in Section 2 and establish the directional
differentiability of the function ¢(c,b) in Section 3. We study the piecewise
linear-quadratic property of ¢ in Section 4.

2. Auxiliary Results

Fix a pair (D,4) € RY" x R™" and consider problem (1.1), where
(¢,b) € R" x R™ is the pair of linear perturbations. Following [8], we con-
sider the auxiliary problem



LINEARLY PERTURBED QUADRATIC PROGRAM 121

minimize 1(c’x+b"1) subject to (x,1) € Pxxr(c,b), (2.1)
where
Pxir(e,b) = {(x,2) € R" x R" : Dx — AT\ + ¢ =0,
Axz=b, 120, A(Ax —b) =0} (2.2)

Elements of Pxgr(c,b) are called the Karush—-Kuhn-Tucker pairs of (1.1).
Let

pxir(c,b) = inf{I(c"x +bT2) : (x,2) € Pxxr(c,b)} (2.3)
be the optimal value of problem (2.1). As in the preceding section, we set
@(c,b) = inf{Ix" Dx + ¢"x : Ax>b, x € R"}. (2.4)

Denote by Sol(c¢,b) and Solgkr(c,b) the solution sets of (1.1) and of (2.1),
respectively.

LEMMA 2.1 (see [8], p. 820). If Sol(c,b) is nonempty then Solggr(c,b) is
nonempty, and

Sol(¢, b) = mre(Solkkr(c, b)),
@(c,b) = pxkr(c, b),
where, by definition, ngi(x,A) = x for every (x,1) € R" x R™.
Note that the set W defined by (1.2) coincides with the effective domain
of the multifunction Sol(D, 4, -, ), that is
W={(c,b) € R" x R" : —0c0 < ¢(c,b) < +0c0}
={(c,b) € R" x R" : Sol(c,b) # 0}. (2.5)
Indeed, for any pair (¢,b) € R" x R™, if Sol(c¢,b) # () then —oco < ¢(c,b) <
+o00. Conversely, if —oo < ¢(c,b) < 400 then A(A4,b) is nonempty and the
function f{-, ¢) is bounded below on A(4,b). By the Frank—Wolfe theorem
(see, for instance, [4]), (1.1) must have a solution, i.e., Sol(c,b) # (.

Taking account of (2.5), we can formulate the results from [§] concerning
the optimal value function ¢(c, b) as follows.

LEMMA 22 ([8], Theorem 2). The effective domain W of ¢ is the union of
a finitely many polyhedral convex cones, i.e., there exists a finite number of
polyhedral convex cones W; C R" x R™ (i =1,2,...,s) such that

W:Om. (2.6)
=1
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LEMMA 2.3 ([8], Theorem 3). The function ¢ is Lipschitz on every bounded
subset Q C W, i.e., for each bounded subset Q C W there exists a constant
kq > 0 such that

lo(c',b") = (e, b) || <ka(llc" — cll + (16" — bl])
Sfor any (c,b), (¢',b') € Q.
For each subset 7 C {1,2,...,m}, we define
Plr(e,b) ={(x,2) € R" x R" : Dx — AT\ + ¢ =0,
Aix=b;, 2, =0 (Yiel),
Ajx =b;, ;=0 (Vi ¢ 1)}

where A4; (i € {1,...,m}) denotes the i-th row of the matrix A4 and b; is the
i-th component of b. It is clear that

Peer(e,b) = | Phyrle,b). (2.7)
Ic{1,..., m}

Note that Pkyr(c,b) is the solution set of the following system of linear
equalities and inequalities:

Dx — AT\ +¢=0,
A[XZb], l[ =0
AJX = bJ, )»J)O, (28)
xeR' JleR",
where J = {1,2,...,m} \ I and, as usual, 4, denotes the matrix composed

by the rows 4; (j€J) of A, and A; is the vector with the components
Zi (i € I). Define

Prir(c,b) = inf{(c"x +bT2) : (x, 1) € Piyr(c,b)}. (2.9)

Thus @k 1(c,b) is the optimal value of the linear programming problem
whose objective function is 3(¢’x+572) and whose constraints are
described by (2.8). It turns out that, for any 7 C {1,2,...,m}, the effective
domain of ¢l .(-) is a polyhedral convex cone (see [9], p. 11) on which the
function admits a linear-quadratic representation. Namely, using the con-

cept of pseudo-inverse matrix one can establish the following result.

LEMMA 24 (see [2], Theorem 5.5.2). The effective domain
dom @k = {(c,b) € R" x R : —00 < @fr(c,b) < +o0}

is a polyhedral convex cone and there exist a matrix M; € RUHM*4m) gpq
a vector q; € R"™™ such that
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st =) ) 1)
for every (¢,b) € dom ¢l yr.

The following useful fact follows from Lemma 2.1.

LEMMA 2.5. For any (c,b) € W, it holds

@(c,b) = min{@l (c,b) : 1C {1,2,...,m}}. (2.10)
Proof. From (2.3), (2.7) and (2.9) we deduce that

oxxr(c,b) = min{@k r(c,b) : TC {1,2,....,m}}.
Combining this with the formula ¢(c,b) = @ggr(c,b) we obtain (2.10). []

REMARK 2.1. From (2.10) it follows that, for any 7 C {1,2,...,m} and
for any (¢,b) € W, @kyr(c,b) > —oo.

REMARK 2.2. It may happen that for some pairs (c¢,b) € W the function
@t has the value +oo. Note that ¢ky(c,b) = +oo if and only if the solu-
tion set of (2.8) is empty. The example considered in Section 4 will illus-
trate this situation.

REMARK 23. If D is a positive semidefinite matrix then (1.1) is a convex
QP problem and the equality ¢gyr(c,b) = @Rpr(c,b) holds for any index
sets I, I, C {1,2,...,m} and for any point (c,b) € dom @y N dom @2y
The last equality is valid because any KKT point of a convex QP problem
is a global solution.

3. Directional Differentiability
Recall ([9], p. 13) that a subset K C R” is called a cone if tx € K whenever
x € K and ¢ > 0. (The origin itself may or may not be included in K.)
PROPOSITION 3.1. Let W be defined by (1.2), L = {b : A(4,b) # 0},

Z = {(Cab) :QD(Cab) = +OO}’ Zy = {(Cab) ZQD(C,[)) = _OO}'

Then Z, is an open cone, W is a closed cone, and Z, is a cone which is rela-
tively open in the polyhedral convex cone R" x L C R" x R™. Moreover,

R'XxL=WUZ,, R'xR"=WUZUZ,
Z = (R"x R")\ (R" x L). (3.1)

The easy proof of this proposition is omitted.
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THEOREM 3.1. The optimal value function ¢ defined in (2.4) is directionally
differentiable on W, ie., for any w=(c,b)e W and for any
z = (u,v) € R"x R™ there exists the directional derivative

_ : v+ tz) — p(w)
e s) — 1 o(w
@'(%:2) o t

(3.2)

of ¢ at w in direction z.

Proof. Let w = (¢,b) € W and z = (u,v) € R" x R" be given arbitrarily. If
z =0 then it is obvious that ¢'(w;z) =0. Assume that z # 0. We first
prove that one of the following three cases must occur:

(c1) there exists 7 > 0 such that w+ 1z € Z; for every ¢t € (0,7 ],
(c2) there exists 7 > 0 such that w+ 1z € Z, for every ¢ € (0,7 ],
(c3) there exists 7 > 0 such that w+ 7z € W for every ¢ € (0,7 ],

where the cones Z; and Z, have been defined in Proposition 3.1. For this
purpose, suppose that (c3) fails to hold. We have to show that, in this case,
(c1) or (c2) must occur. Since (c3) is not valid, we can find a decreasing
sequence fx — 0+ such that w + #,z ¢ W for every k € N, where N denotes
the set of the positive integers. By (3.1), for each k € N, we must have
W+ tiz € Zy or W+ tyz € Z,. Hence, there exists a subsequence {7} of
{#x} such that

w+t,z€ Zy (Vi€ N), (3.3)
or
Wtz € Zy (Vi€N). (3.4)

Consider the case where (3.3) is fulfilled. If there exists an 7 € (0, #%,) such
that w + 7z € R" x L then, by the convexity of the set R x L,

{W+1tz:t€0,f]} C R x L.

By virtue of the first equality in (3.1), this yields ¢(w + tz) # +oco for every
t €0,7], contradicting (3.3). Thus (3.3) implies that w+ 1z¢ R" x L for
every ¢ € (0,1,). Then, the third equality in (3.1) shows that w+ 1z € Z;
for every ¢ € (0, t,). Putting 7 = 1, we see that (cl) holds.

Consider the case where (3.4) is fulfilled. Since w € W C R" x L and
Wtz € Zy C R" x L, it follows that

{W+1tz:1€0,4,]} CR" x L.

Therefore, we can deduce from the first equality in (3.1) that, for every
t€(0,tr,), W+ tz € Zy or w+ tz € W. If there exists i € N such that

wHtzeZ, (Ve (0,t,)) (3.5)
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then (c2) is satisfied if we choose 7 = f;,. If there is no i € N such that (3.5)
is valid, then for every i € N there must exist some #;_€ (0,#,) such that
W+, z € W. By (2.6), there is an index j(k;) € {1,...,s} such that

w + Z;CiZ c VVj(k,)~ (36)
Without loss of generality we can assume that
0<t,, <ti, <t, <t (VicN). (3.7)
Since j(k;) € {1,...,s}, there must exist a pair (i,j) such that j > i and
J(k;) = j(ki). By (3.6) and by the convexity of Wjy,, we have

{1z 00, <1<t} C Wiy CW. (3.8)
From (3.4) and (3.7) we get @(W + x,,z) = —o0 and f < fi,, <, a con-
tradiction to (3.8). We have thus proved that if (3.4) is valid then (c2) must
occur.

Summarizing all the above, we conclude that one of the three cases (cl)—
(c3) must occur.

If (cl) occurs then by (3.2) we have ¢'(w;z) = 4o0o. Similarly, if (c2)
happens then ¢'(w;z) = —oo. Now assume that (c3) takes place. Denote by
F the collection of the index sets 7 C {1,2,...,m} for which there exists
t; € (0,7), where 7> 0 is given by (c3), such that

{(WHtz:t€[0,4]} C dom @lyr (3.9)

Observe that dom ¢k 1 is a closed convex set (see Lemma 2.4). If F =
then for any 7 C {1,2,...,m} and for any ¢ € (0,] one has ¢k, (W +1z) =
+oo. By (c3), w+ 1z € W for all t € (0,7]. Then, according to (3.1) we have

e(W + tz) = min{ @k (W + 1z) : 1C {1,2,...,m}} = +o0
for all 7 € (0,7], which is impossible. We have shown that F # (). Define
{=min{t;: 1€ F} > 0.
By (c3) and (3.1) we have
o(W + tz) = min{ @k (W + 1z) : 1€ F} (Yt €[0,7]). (3.10)
It follows from (3.9) that
Wtz € dom @y (VIEF,Vt€[0,(]).

For each I € F, let M; € RU"™*(+m) and ¢; € R™ be such that the repre-
sentation for ¢f . (c,b) in Lemma 2.4 holds for all (c,b) € dom @k
Setting

(ﬁII(KT(Qb) :%(Z>TM1(Z> +q,T<z) (3.11)
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for every (c¢,b) € R" x R™, we extend ¢Ly.(-) from dom @k, to the whole
space R" x R™. From (3.11) it follows that all the functions ¢ky;(+), 1 € F,
are smooth. According to Clarke ([5], Theorem 2.1), the function

(ﬁ(ca b) = min{(ﬁ{(lﬁT(Q b) 1 € F}

is locally Lipschitz at w = (¢,b). Moreover, ¢ is Lipschitz regular (see [6],
Definition 2.3.4) at w, and

@ (w;z) = ¢'(W;z) = min{(@kyr) (W;2) : I € F}, (3.12)
where ¢°(w;z) (resp., ¢'(w;z)) denotes the Clarke generalized directional
derivative (resp., the directional derivative) of ¢ at w in direction z. Since
Plr(c,b) = @lyr(c,b) for all (¢,b) € dom ¢lyr, from (3.10) and (3.12) it
follows that the directional derivative ¢'(w;z) exists, and we have

@' (W;z) = min{ (k) (W;2) : I € F}. (3.13)

The proof is complete. ]

In the course of the above proof we have obtained some explicit formu-
lae computing the directional derivative of the function ¢. Namely, we
have proved the following result.

THEOREM 32. Let w € W and z = (u,v) € R" x R". The following asser-
tions hold:
(1) If there exists t > 0 such that
wHtze Zy ={(c,b) : A(4,b) =0} (Ve e (0,7]),
then ¢'(W;z) = +o0.
(i1) If there exists t > 0 such that
Wtz € Zy ={(¢e,b) : A(4,b) # 0, @(c,b) =—o0} (Vre (0,7]),
then @' (w;z) = —oo0.
(iti) If there exists t > 0 such that
wHtze W={(c,b) : A(4,b) # 0, ¢(c,b) > -0} (Vt€(0,7]),
then ¢'(W;z) can be computed by formula (3.13), where F is the col-
lection of the index sets I C {1,2,...,m} such that there exists some
tr € (0, 1) satisfving condition (3.9).

At the end of Section 4 we shall use Theorem 3.2 for computing direc-
tional derivative of the optimal value function in a nonconvex QP prob-
lem.

4. The Piecewise Linear-quadratic Property

In this section we study the piecewise linear—quadratic property of the
function ¢(-) defined by (2.4).
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DEFINITION 4.1 (see [11], p. 440). A function ¥ : R/ — R is piecewise lin-
ear—quadratic (plq) if the set

dom ¢y = {z € R': —00 < Y(z) < 400} (4.1)

can be represented as the union of finitely many polyhedral convex sets,
relative to each of which y/(z) is given by an expression of the form

120z +d"z+a (4.2)

forsomex € R, d€ R, Q € RgXl.
Note that in ([11], p. 440) instead of (4.1) one has the following for-
mula:

dom ¢y = {z € R : yy(2) < +o0}. (4.3)

If there exists some Z € R’ with y(Z) = —co then, since z belongs to the set
defined in (4.3), one cannot represent the latter as the union of finitely
many polyhedral convex sets, relative to each of which (z) is given by an
expression of the form (4.2). Hence  cannot be a plq function. This is the
reason why we prefer (4.1)—(4.3).

In [11] a series of results on plq functions have been established. For
example, it is proved that the conjugate of a proper, lower semicontinuous,
convex function is plq if and only if the given function is plq (Theorem
11.14). It is shown that any proper, convex, plq, bounded below function
has a global minimum (Corollary 11.16).

If D is a positive semidefinite matrix then, by using a theorem of Eaves
(see [8], p. 825), one can prove that W is a polyhedral convex cone. Using
Lemmas 2.4 and 2.5, and Remark 2.3, it is not difficult to show that the
optimal value function ¢(c,b) = @(D, A,c,b) of a convex QP problem is plq.
This result is already known.

One anonymous referee of [14] informed that the plg property of the opti-
mal value function in convex QP problems was established by Sun [12]. Being
not able to consult the thesis of Sun, we have to limit our citation to Bank
et al [2] and Rockafellar and Wets [11]. The referee asked: Whether the
optimal value function in a general (not necessarily convex) QP problem is a
plq function w.r.t. its linear variables? 1t turns out that the plq property is
not available in the general case. By constructing an example we will give a
negative answer to the question.

EXAMPLE 4.1. Consider the problem
minimize f{x,¢)= %(xf +2x1x7 — x%) +c1x1 + Xy,

subject to XZ(X],XQ)ERz, %x]—l—xz)O, X;—x120, —x;=>-2, (44)
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and denote by ¢,(c), ¢ = (c1,¢2) € R* , the optimal value of this noncon-
vex QP problem.

We will compute the values ¢,(c), ¢ € R>. Then it will be shown that
¢,(c) is not a plq function. From the result it follows immediately that the
optimal value function ¢(c,b), ¢ = (c1,c2) € R*> and b = (by, by, b3) € R,
of the following parametric QP problem is not plq:

minimize f{x,c)= %(x% +2x1x — x%) +c1x1+caxn
subject to x:(xl,xz)eRz, %xl—l—xz>b1, Xo—x1=by, —x2=b3. (4.5)

Let b = (0,0, —2). In order to write (4.4) in the form (1.1), we put

1 1 0

2 _

D——“ 11}, A=1|—-1 1|, b=b= 0 1, c——<cl>.
0 -1 -2

Note that the feasible domain A(A4,b) of (4.5) is a triangle with the verti-

ces (0,0), (2,2) and (—4,2). Since A(4,b) is compact, ¢(c,b) € R for every

c € R?. In other words, dom ¢(-,h) = R>. In agreement with (2.1) and
(2.2), the auxiliary problem corresponding to (4.4) is the following one

minimize %(ch +5T)) = %(Clxl +cx2) — A3

subject to  (x,4) = (x1,x2, 41,42, 43) € R*> X R®,
X1 +x2— 3+ A+ =0,
Xl—Xo—A — A+ A3+ =0, (4.6)
X +x20, 420, 4(kx+x2) =0,
X2 —x120, =0, A(x—x)=0,
X <2, 4320, 13(2—x;)=0.
We shall apply formula (2.10) to compute the values ¢(c,b),
¢ € R?, b=b. To do so, we have to compute the optimal value ¢l (c,b)

defined by (2.9), where IcC {1,2,3} is an arbitrary subset. For
I :={1,2,3}, taking account of (4.6), we obtain

Prxr(e,b) = §(=¢f =212+ 63),
dom @fyr(-b) = {c=(c1,¢2) € R* : =3¢; + ¢, >0, (4.7)
=0, —c1+ <4},

The exact meaning of (4.7) is the following: @iyr(c,b) =1 (=c? = 2c1e2 + c3)

for every ¢ belonging to the above defined set dom (p{gm(-, b) and

dom ¢gyr(c, b) = +o0
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for every ¢ ¢ dom (pll(‘KT(-,l;). A similar interpretation applies to the results
of the forthcoming cases. For I, := {1,2}, we have

QDII(ZKT(Cv b_) = _%C% - 201 + 2C2 - 4a

dom @gyr(-b) = {c = (c1,¢2) € R*:

44¢,20, 44 ¢} — =0}

For I := {2,3}, we have

q)ﬁKT(c, b_) = 20% + %c% - 2¢107,

dom (pﬁKT(',E) ={c=(c1,c2) € R?:

Cy) — 201 20,
For I, := {1,3}, we have
(pﬁKT(Qb_) = _%(Cl + C2)27
dom (/)QKT(JJ) ={c=(c1,2) € R?
1 + C2> - 47

For I5 := {1}, we have
(pI]éKT(c, b) = 2¢ + 2¢y + 4,
dom (pﬁKT(-,E) ={c=(c1,c2) € R?

For I := {2}, we have

(pﬁKT(c,E) = —4c1 +2¢, — 2,

dom @gr(-,b) = {c=(c1,¢2) € R*:
2+2¢; — 220}

For I; := {3}, we have

¢£KT(075) =0,

dom iy (- b) = {c = (c1,¢2) € B
For I := (), we have

Pcr(c,b) = +oo  forevery ¢ € R?,

dom (pﬁKT('aB) = 0.

2~ ¢ 20, (4.8)
€2 <3¢y, (4.9)
(o) —2Cl<2}.
e+ <0, (410)
C2>O}.
ccp +4<0, Cl+c’2+4<0}.
(4.11)
6 =230, (4.12)
e+ =0, 02—20120}. (413)

(4.14)

Consider the following polyhedral convex subsets of R>:
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Q]—{CZ c1,0) i< —c — 4, C1<—4},

QQ—{C: c1,0) =z —c1—4, o< -—c, C2>C1+4},
W ={c=(c1,0) :c2=—c1, cra=c1+4, c2=2c+2},
Q={c=(c1,6) :2<2c1+2, =2c1+1, =2},

a2, <2, =0},

0<0, a=-4, <2},
2020, < —c, a<(V2-1)(c+4)},

ra=>(V2-1)(c1+4), o< -0, o<a+4),
coz -0, a<a+4, a<l2, =2}

(c1,¢2)
(c1,¢2)
(c1,¢2)
(c1,¢2)
Qs ={c=(c1,02) :2<2c1 + 1, ¢ =2},

(c1,¢2)
(c1,¢2)
(c1,¢2)
(c1,¢2)

)

Using formulae (2.10) and (4.7)—(4.14), we can show that

@(c,b) = @IﬁKT(C, )=2c14+2c;+4 forevery c € Qy,
= (Plﬁm Gy 7) = —%(6‘1 + 62)2 for every ¢ € Q, UQy,

o
=

=0 forevery c e Q3UQy,

We will pay a special attention to the behavior of ¢(-,b) on the region
Q1. Consider the parabola

I'={(c1,c2) € R* : ca = 1ef + ¢1 +2}.

It can be verified that, for each ¢ = (¢1,¢2) € Qo,

(4.15)

(c 5)— 0 if cz>%c%+c1+2,
PETZV =1 —2¢1 420 -4 if <id +e 42,

Thus ¢(c, b) = quKZKT(c, b) for all the points ¢ € Q¢ lying above I', and
o(c,b) = 9011<2KT(C» b) for all the points ¢ € Qo lying below T

PROPOSITION 4.1. The obtained optimal value function ¢(c,b) (¢ € R?) can-
not be a piecewise linear—quadratic function.

Proof. Suppose, contrary to our claim, that the function ¢(-,b) is plq. Then
the set dom ¢(-,h) = R? can be represented in the form

R =4, (4.16)

jes
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where J is a finite index set and A; (j € J) are polyhedral convex sets.
Moreover, for every j € J, one has

@(c,b) =10 + a’]Tc + o (4.17)
for all ¢ € A;, where o; € R, d; € R?, Q; € R¥%. Let
A}:Ajﬂglo (]EJ)
Note that some of the sets A; can be empty. From (4.16) we deduce that
Qi = A (4.18)
jeJ

Note also that on each set A (j € J) the function ¢, b) has the linear-qua-
dratic representation (4.17). Deﬁne

Q{O ={c=(c1,c2) € Qo '62/46%4—61 + 2},
Q{O ={c=(c1,02) €Qo: 62\461 +c +2}.

It is evident that Qf, is a convex set. Note that Q) and Q! are compact
sets which admit the curve I'N Qo as the common boundary. The set Qf;
(resp., Q%) has nonempty interior. Indeed, let ¢ := (0,3) and ¢:= (0,1).
Substituting the coordinates of these vectors into the inequalities defining
Qf, and Qff, we see at once that ¢ € intQ{, and ¢ € intQ]. Here and in
the sequel, int M denotes the interior of a set M.

Fix any index j € J for which A} # (. First consider the case int A} # 0.
If

int A7 Nint Qf; # 0 (4.19)

then we must have A’ C Q 10- Indeed, by (4.19) there must exist a ball
BC R? of posmve radlus such that B C A' N Q{o By (4.15), ¢(c,b) =0 for
every c € QIO Then, it follows from (4. 17) that

o(c,b) =1c Qjc+dch+ocj: 0
for every ¢ € B. This implies that Q; = 0, d; = 0 and «; = 0. Consequently,
@(c,b) =0 (Ve eA)). (4.20)

We observe from (4.15) that ¢(c,b) < 0 for every c € 910\910 Hence
(4.20) clearly forces A; C Qf,. If int AN intQ]) = then we must have
int A} C Qff. Since Q{O is closed, we conclude that A C Q. Therefore, if
A ﬂQ{O #0 then A;NQ[; = A/NT. In this case, it is easy to show that
A NTisa smgleton

Now consider the case int Aj = (). Since A] is a compact polyhedral con-
vex set in R?, there are only two possibilities: 1) AI is a singleton, and ii) A]’
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is a line segment. In both situations, if Aj’ﬂQ{O is nonempty then it is a
compact polyhedral convex set (a point or a line segment).

From (4.18) and from the above discussion, we can conclude that Q{O is
the union of the following finite collection of polyhedral convex sets:

A; (j € Jis such that  intA}NintQf; # 0),
A'NT  (jeJissuch that int A} # ), int A} NintQfy = 0),
ANQ{, (jeJissuchthat intA;=0, AjNQf; #0).

As Qf is convex, it coincides with the convex hull of the above-named
compact polyhedral convex sets. According to Rockafellar ([9], Theorem
19.1), this convex hull is a compact polyhedral convex set. So it has only a
finite number of extreme points (see [9], p. 162). Meanwhile, it is a simple
matter to show that every point from the infinite set I N Qg is an extreme
point of Q{O. We have arrived at a contradiction. The proof is complete. []

In Section 3 we have established a result on directional differentiability
of the optimal value function ¢(c,b) of (1.1). Now we shall apply formula
(3.13) to compute directional derivative of the function ¢(-,b) studied in
this section.

Let ¢=¢(u) = (0,u), u€ R. For w(u) = (¢(n),b) and z= (u,v), where
7= (1,0) € R? and v=(0,0,0) € R}, we have ¢'(w(u);2) = ¢}(c(w);u).
Using formulae (3.13) and (4.7)—(4.14), we obtain

@' (W(p); 2) = @) (c(w); u)

(prkr) (é(u); 1) for u> 2,
_ min{ (pgr) (€(u); ),

(pixr) ()i )} for u=2,

(pixr) (e(w); 1) for pu<2.

Therefore

e {0 for u>2,
@ (W(p); 2) = @y (c(p);u) = { -2 for u<2.

By Lemma 2.3, the function ¢,(-) = ¢(-,b) is locally Lipschitz on R’.
From Theorems 3.1 and 3.2 it follows that ¢,(-) is directionally differentia-
ble at every ¢ € R? and, for every u € R?, the directional derivative ¢, (c;u)
is finite. One can expect that ¢,(-) is regular in the sense of Clarke [6], i.e.,
for every ¢ € R? it holds ¢Y(c;u) = ¢ (c;u), where

/ ¢ _ ,
@)(c;u) = lin’lsupq)l(c + ) — ¢, ()
C’/—>(37 [l() t
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denotes the generalized directional derivative of ¢; at ¢ in direction w.
Unfortunately, the function ¢,(-) is not Lipschitz regular. Indeed, for
¢=(0,2) and w = (0, 1), using (4.15) it is not difficult to show that

0= @(Gu) > @ (Gu) = 2.

5. Concluding Remarks

In this paper we have studied a class of optimal value functions in parametric
(nonconvex) quadratic programming. It has been shown that these functions
are directionally differentiable at any point from their effective domains but,
in general, they are not piecewise linear—quadratic and they may be not Lips-
chitz regular at some interior points in their effective domains.

It would be desirable to find out what additional conditions one has to
impose on the pair of matrices (D, A) € RY" x R™", where D need not be
a positive semidefinite matrix, so that the optimal value function

(¢,b)—p(D,A,c,b)

of the parametric problem (1.1) is piecewise linear—quadratic on R" x R™.

Both referees of this paper informed us that Klatte had constructed an
example of an optimal value function in a linearly perturbed QP problem
which is not plq. Being unaware of that (unpublished) example, we have
constructed Example 4.1. One referee gave us some hints in detail on the
example of Klatte. Namely, letting two components of the data perturba-
tion of a QP problem considered by Klatte [8] be fixed, one has the prob-
lem

minimize x;x, subject to x = (x1,x12) € R?,
—1<x1<bh;, bhy<x<,

where b = (by,b,) € R?, by =0 and b, <0, represents the perturbation of
the feasible region. Denote by ¢(b;,b,) the optimal value function of this
problem. It is easy to verify that

_ —1 lf—1<b1b2a
@(b1,b2) = {b]bz if —1 > byb,.

If by <0 or b, >0, then we put ¢(by,br) = +oo. Arguments similar to
those of the proof of Proposition 4.1 show that ¢(by,b;) is not a plq func-
tion. The main difference between this example and Example 4.1 is that
here the feasible region is perturbed, while in Example 4.1 the objective
function is perturbed. Note also that ¢,(c) is a locally Lipschitz function
defined on the whole space R.
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